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1 THE CONCEPT OF A SET. KINDS OF SETS. POTENCY 

 

 

Basic theoretical statements  

 

Union of sets: BAC =  (pic. 1). 

 
 

 

Picture 1 – Union of sets 

 

Intersection: BAC =  (pic.2). 

 
 

 

Picture 2 – Intersection 

 

Difference: BAC /=  (pic. 3). 

 
 

 

Picture 3 – Difference 

 

Symmetrical difference: BAC =  (pic. 4). 

 
 

 

Picture 4 – Symmetrical difference  
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Complement AS /  (pic. 5). 
 

Picture 5 – Complement 

 

Ex. 1.1. Perform operations on sets. 

 9,7,5,2=A ,  12,9,8,5,3=B . 

 

Solution: 
 

 12,9,8,7,5,3,2=BA , 

 9,5=BA , 

 ,7,2/ =BA . 

 

Ex. 1.2.  Perform operations on sets 

 83: −= xxX ,  65: −= xxY . 

 

Solution: 
 

 63: −= xxYX , 

 85: −= xxYX . 

 

Ex. 1.3. Find the intersection of such sets: 

a) X  – set of two-digit natural numbers, Y  – set of paired natural 

numbers;  

b) X  – set of all the parallelograms, Y  – set of trapezoids. 

 

Solution: 

а)  99,...,11,10=X ,  ,...98,...,4,2=Y ,  98,...,14,12,10=YX ; 

b) . 

Ex. 1.4. Set a set: 
 

 10=A ,  15,10=B ,  15,10,5=C . 

 

Define the entry of one set to another. 

 

Solution: 

 
BA , AC , BC . 



6 

Ex. 1.5. Prove the properties of operations on sets: 

а)  ABBA = ; 

b) ( )   )()( CABACBA = . 

 

Solution: 

a) Let BAx , then Ax or Bx . Here from  ABx . The reverse is 

proved in a similar way. 

b) Let   )( CBAx  then or Ax , or ( )CBx , 

( )BAx  і ( )CA . Then BAx , CAx . So, ,CBx  Ax , CBx . 

BAx  і BAx .  

( )  )( CABA , ( )  )( CABAx . 

Prove the reversal.  

Let 

( )  )( CABAx , then ( )BAx  і ( )CAx . So, BAx  і CAx . It 

follows from this, that Ax , or 

,CBx    )( CBAx  (pic. 6). 

 
 

 
 

Picture 6 – Proof of Statement 
 

Ex. 6. Find the complement to the set of the natural even numbers 
 

 NkkxxA += ,2: . 

 

Solution: 
 

 NkkxxAN +== ,12:/ . 

 

Ex. 1.7. Prove that the set is countable:  

 

 NkknNn = ,: 2 . 

 

Solution: To the numbers ...36,25,16,9,4,1  we substitute the next 

numbers ,...6,5,4,3,2,1  So, the set is countable. 
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Ex. 1.8. Prove that the set of positive rational numbers is countable. 









= ...
3

2
,
3

1
,...,
2

7
,
2

5
,
2

3
,
2

1
,
2

1
,...,7,6,5,4,3,2,1R

 

 

Solution: The next sets are countable: 

 

,...7,6,5,4,3,2,1,0  

,...
2

7
,
2

5
,
2

3
,
2

1 , 

,...
3

7
,
3

5
,
3

4
,
3

2
,
3

1 , 

,...
4

5
,
4

3
,
4

1 . 

 

The union of countable sets is countable. 
 

Ex. 1.9. Prove that the set of segments on a line that do not intersect in 

pairs is finite or countable (pic. 7). 

 

 

Picture 7 – Numerical sets 
 
 

Solution: Each segment has a rational point and for segments that do not 

intersect these points, are different. So, the set is countable.  
 

 

 

 

2 METRIC SPACES 

 

 

Basic theoretical statements  

 

Metric is a positive function that satisfies two conditions: 

1. ( ) 0, =yx  if and only if yx =  (axiom of identity). 

2. ( ) ( )xyyx ,,  =  (axiom of symmetry). 

3. ( ) ( ) ( )zyyxzx ,,,  +  (axiom of triangle). 

The mapping of sets: 

,: NMf →  ,Ma  ,Nb  ( )afb = , a  – prototype, b  – type. 
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If ( ) NMf =  Then the mapping is a surjection. 

If the condition 
2
xx   follows ( ) ( )

2211
xfyxfy == Image mapping is 

an injection. 

Together the subjection and injection are bijection. 

Classification of metric space points. Point 
0x  is called the boundary point 

of the set of M  & X  (M  is a subset of space X ), if any of its environments 

contains at least one point of the set M . 

The inner point of a set is the point that enters this set with its 

surroundings. 

An isolated point of a set is a point at which there is an environment that 

does not contain other points of this set. 

 

Ex. 2.1. Prove that the given functions on the specified sets are metrics: 

а) ( )  yxyx −= ,1min,  on set R ; 

b) ( ) 
−

=


=1

,
n

nn

n

yx
yx

 on set l2. 

 

Solution: 

а) Let’s check the fulfillment of the axioms of the metric: 

1. ,yx =  ( )   0,1min, =−= xxyx . 

2. ( )     ( )xyxyyxyx ,,1min,1min,  =−=−= , 

3. ( )     ( ) ( )zyyxzyyxzxzx ,,,1min,1min,  +−+−=−= . 

All axioms are fulfilled. 

b) Check the fulfillment of the axioms of the metric 

 

1. ,yx =  ( ) 0,
1

=
−

=


=n

nn

n

xx
yx . 

2. ( ) ( )xy
n

xy

n

yx
yx

nn

nn

nn
,,

11

 =
−

=
−

=


=



=

. 

3. ( ) ( ) ( )zyyx
n

zyyx

n

zx
zx

nnnn

nn

nn
,,,

11

 +
−+−

=
−

=


=



=

. 

All axioms are fulfilled. 

 

Ex. 2.2. Prove that the function 
 

( )
nn

mn
yxyx −=

1
max,  

 

on set nR  is a metric. 

 

Solution: Let’s check the fulfillment of the axioms of the metric. 
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1. ,yx =  ( ) 0max,
1

=−=


nn
mn

xxyx . 

2. ( ) ( )xyxyyxyx
nn

mn
nn

mn
,maxmax,

11
 =−=−=



. 

3. ( ) ( ) ( )zyyxzyyxzxzx
nn

mn
nn

mn
nn

mn
,,maxmaxmax,

111
 +−+−−=



. 

The axioms of the metric are fulfilled. 

 

Ex. 2.3. Which of the following display functions is surjection, injection, 

bijection? 

a) ( ) xxf 3= , b) ( ) ( )22/112 −= xxf , c) ( ) xxf 3= . 

 

Solution: 

a)  1,0y  – there is no solution, the reflection is not surjection, injection 

(pic.8). 

 

 

 

Picture 8 – The graph of function 
 
 

b) 
21 yy = , for example, when 11 =x , 11 −=x , it’s not a subjection, it’s not 

an injection (pic. 9). 

 

 

 
 

Picture 9 – The graph of function  
 
 

c) The given function is injection and surjection, therefore – bijection 

(pic. 10). 
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Picture 10 – The graph of function 

 
 

 

Ex. 2.4. Prove that when 

 

,: FEf →  ,FA  FB  , 

 

then 

( ) ( ) ( ) BfAfBAf 111 −−− = . 

 

Solution: If ( )BAfx 1− , then ( ) Axf   і Bxf )( . Here from 

( )Afx 1−  і ( )Bfx 1− . So, ( ) ( ) BfAfx 11 −− . 

 

Ex. 2.5. Specify boundary, internal, and isolated points of sets: 

a)  )  63;0 =A , b)  ;...16/1;4/1;1=E . 

Solution: 

а) boundary  )3;0 , internal  )3;0 , isolated 6 . 

b) boundary 0 , no internals, isolated ;...16/1;4/1;1 . 

 

Exercises for independent work 

 

Ex. 2.6. Check whether the functions are metrics on the specified sets:  

а) ( ) Ryxyx ,, 33 −= ; 

б) ( )  )=−= ;0,, 22 Xyxyx . 

 

Ex. 2.7. Classify the points of sets: 

а)  ) ( )    1015;43;0  −=A ; б) ( ) QxxxA =
2,121

,, . 

 

Ex. 2.8. Specify a set that has exactly three boundary points. 

 

 

 

 



11 

3 OPEN AND CLOSED SETS 

 

 

Basic theoretical statements 

 

Point 
0
x , which belongs to the space X , is called the limit of a sequence 

  ...,...,,
21 nn

xxxx = If for any arbitrarily small number 0  exists the number N  

such that, starting with it, all sequence numbers are included in the   -round the 

point 
0
x . 

Point 
0
x  is called the limit of a sequence   ...,...,,

21 nn
xxxx = , in case if 

( ) 0,lim
0

=
→

n
n

xx . 

A set is said to be closed if it coincides with its closure (ie all boundary 

points are contained in this set). 

An open set is one that consists only of internal points. 

 

Ex. 3.1. Find the limit.  

 

 








=








= ,...,
16

1
,
9

1
,
4

1
,1

1
2n

x
n

. 

 

Solution: Prove by definition that the number 0 is the limit of this 

sequence. 

І way: 
 

( )  
N
x,0 , 

( )  =−=
NNN
xxx 0,0 , 

,
1
2


n

 

 



12 n
,  

,
1


n

 









=



1
N

. 

 

For example, if 100= , then 10=N . 

ІІ way: 

 

0
11

lim
1

0lim
22

=


==−
→→ nn nn

. 

 

Ex. 3.2. Specify closed and open sets: 

1.  )  63;0 =A . 
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2.  )3;0=A . 

3. ( )1;2−=A . 

4.  7;0=A . 

 

Solution: 

1. Open. 

2. Open. 

3. Open. 

4. Closed. 

 

Exercises for independent work 

  

Ex. 3.3. Prove that the set ( )      21;03;5−=A  is a closed one. 

 

 

 

 

4 COMPLETE AND COMPACT METRIC SPACES 

 

 

Basic theoretical statements 

 

Let X  be the metric space and  
n
x  be the sequence of elements of this 

space. A sequence  
n
x  is said to be fundamental if there is a number N , from 

which for any number Nm    the inequality is fulfilled ( )  
mn
xx ,  as for any 

small 0 . 

The space in which each fundamental sequence coincides (up to the point 

of this space) is called complete. 

Let X be arbitrary metric space. The set XM   is said to be compact, if 

a convergent sequence  can be distinguished from any sequence  of this 

set.   

 

Exercises for independent work 
 

Ex. 4.1. Check that the sequence 
 

nn
x

xf
1

)( =
 is fundamental in space

]3;1[2
C . 
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5 THE PRINCIPLE OF COMPRESSIVE MAPPINGS 

 

 

Basic theoretical statements 

 

Let X  be the metric space and ( )xf  – reflection of metric space. The 

mapping ( )xf  is called a compression map (compression) if for any two points

,x  y , that belong with X , there is a number 1  such that the inequality 

holds. 
 

( ) ( )( ) ( )yxyfxf ;,   . 
 

( ) xxf =  – nerve point. 

 

Ex. 5.1. Show that the function ( ) 2xxf =  displays a segment










3

1
,0

. Is this 

mapping compressed? 

 

Solution: Make a drawing (pic. 11). 

 
 

Picture 11 – The graph of function 

 

Because ,
9

1
0 2  x  then 



















3

1
,0

9

1
,0 . Displays a segment. Let 

  









3

1
,0, yxc

. Because  

 

( ) cxf 2= , 

,
3

2
0  ac

 1a  

3

1
0  c

, 



14 

Mapping is compressed.  

Ex. 5.2. Is the compressive reflection ( )
x

xxf
1

+=  of the semi-straight 

line ),1  in itself? 

 

Solution: 
 

( ) ,/11 2xxf −= . 

,1 2  c  

1
1

0
2


c

, 

 

 1,0
1

1
2
−

c

. 

 

When c  is large enough, the parameter   becomes arbitrarily close to 

unity, so the display is not compressible. 

 

Ex. 5.3. Show that the equation 3 2+= xx  can be solved by the method 

of successive approximation and calculate its roots to the nearest  01,0 . 

Solution: It must be proved that the equation specifies the compression 

mapping. By Banach fixed-point theorem: 

1. The display translates the segment  ba;  in itself. 

2. Lipschitz continuity is fulfilled. 
 

( )xf   on  ba;  і ( ) 1 kxf . 

 

We have (pic. 12) 
 

( ) ( )321 2+= xxxfxf . 

 

 2,0x  

1. ( ) ( )3 2, += xxfxfx . 

2. ( )xf  displays  2,0  in itself.  

20  x , 

422 + x , 

, 

   2,04,2 33  . 
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( ) ( )
( )3 2

2

3

2*3

1
2

3

1

+
=+= −

x
xxf

, 

( )3
3

3
23

2*2

16
24 + x

, 

( )
3

1

4*3

1

2*6

1
33

 xf
, 

( ) 1
3

1
 xf

. 

 

This means that the mapping is compressed. 

 
 

 

Picture 12 – The graphs of functions  

 
 

( ) 1
3

00 442,1211 xxfx +=+== , 

( ) 2
3

11 510,12442,1442,1 xxfx +=+== , 

( ) 322 520,1510,1 xxfx +== , 

( ) 521,1520,1 33 == xfx . 

 

So, the solution: 521,x = . 

Exercise for independent work 

 

Ex. 5.4.  Show that the equation  1=xxe   specifies the compression 

mapping. 
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6 LINEAR AND NORMALIZED SPACES 

 
 

Basic theoretical statements 

 

Properties of the norm: 

1. 0x , moreover 0=x  only if 0=x . 

2. ,xaax =  a  is a number. 

3. yxyx ++ . 

 

Ex. 6.1. Prove that 
i

n

i

xx =
=1

1
 determines the norm in space nR

. 

 

Solution: Let's check performance of properties of norm: 

1. ||x||1= , 

2.  = ==
==

n

i
i

n

i
i

xxxx
1

1
1

1
 , 

3. 
11

111
1

yxyxyxyx
n

i
i

n

i
i

n

i
ii +=++=+ 

===

. 

 

Ex. 6.2. Calculate the norms ,x  
,1

x  

x  of an element )2;7;0;1( −=с  in 

space nR . 

 

Solution: 
 

52=x , 

10
1
=x , 

7=

x . 

 

Ex. 6.3. Calculate the norm of element ( ) 12 2 +−= tttx in space  2;1−C . 

Solution: 
 

( ) .212maxmax 2

2121
=+−==

−−
tttxx

tt

 

 

Ex. 6.4. Find the norm of the element in the specified space: 

а) tcos  in space  1;0C ;  b) t2  in space  5;1−C . 

 

Solution: 
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          a) 1cosmax)(max
10

===


ttfx
tbta

 . 

b) 3222max2 5

51
===

−

t

t

t . 

Exercise for independent work 
 

Ex. 6.5. Prove that in space nR  the norm can also be specified by a 

formula ,max
i
xx =



 ni 1 . 

 

 

 

 

7 EUCLIDEAN SPACES 

 

 

Basic theoretical statements 

 

Properties of a scalar product: 

1. ( ) ( )xyyx ,, = .  

2. ( ) ( ) ( )yxyxyxx ,,, 2121 +=+ . 

3. ( ) ( )yxyx ,,  = . 

4. ( ) 0, xx , moreover ( ) 0, =xx  only if 0=x . 

 

Ex. 7.1. Calculate the scalar product of vectors  )1;5;4;2( −a  

)0;3;2;0(b . 

 

Solution: 
 

701352)4(02),( =++−+=ba , ,a  4Rb . 

 
 

Ex. 7.2. Calculate the scalar product of elements ttf =)(  і 
2

1
)(
t

tg =  in 

space  3,12C . 

 

Solution: 
 

 =−=== =
3

1

3

1

3

1 2
3ln1ln3ln|ln

11
),( tdt

t
dt

t
tgf

. 
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Ex. 7.3 Calculate the scalar product of elements ( ) ttx = , ( )
t

ty
1

=  in 

space С2[1;2]. 

Solution: 

( )  ==
2

1

1
1

, dt
t

tyx
. 

 

Ex. 7.4 Calculate the scalar product of elements ...}
9

1
;
3

1
;1{1 =s

, 

;...}
49

9
;
7

3
;0{2 =s  in space 

2l . 

 

Solution: 
 

( )
6

1
...

49

1

7

1
2,1

=++=ss
. 

 

Ex. 7.5. Find the scalar product of elements ;...)
8

1
;
4

1
;
2

1
;1(=x , 

;...)
27

1
;
9

1
;
3

1
;1(=y  in space l2. 

 

Solution: 
 

...
9

1

4

1

3

1

2

1
11),( +++=yx

; 

==


=



= 00 6

1

3

1

2

1
),(

n
nn

n
n

yx
, 

5

6

6

1
1

1

6

1

0

=

−

=


=n
n

. 

 

Exercises for independent work 

 

Ex. 7.6. Calculate the scalar product of elements ( ) ttx = , ( ) tty sin=  in 

space  1;02C . 

 

Ex. 7.7. Calculate the scalar product of elements ( )5;0;1−=a , ( )3;4;2=b  

in space 3R . 
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8 HILBERT SPACES 

 

 

Basic theoretical statements 

 

Fourier series in Hilbert space. 

Kind of expression 



=1k
kk

с  , where ,......,,
21 n

  – orthogonal 

normalized system and ),,(
kk

fс =  nk ,...,2,1=  – Fourier coefficients, and this 

kind of expression is called Fourier series. 

 

Ex. 8.1. For a given element, construct a Fourier series according to the 

orthogonal systems of the specified space: 

а) ( ) 2,;...9/4;3/2;1 laa = ; b) ( ) ,1+= xxf  
  ;2 −C . 

 

Solution: 

а) Let's calculate the Fourier coefficients of a given element according to 

the formula 
 

( ),,
kk

fc =  ,...2,1=k . 

 

We receive 
 

,1
1
=c . ,3/2

2
=c  ,...9/4

3
=c . 

 

Let's create a Fourier series of elements ( ),;...9/4;3/2;1=a  
2
la : 

 

( ) ( ) ( ) =+++==++ 

= ...;...1;0;09/4;...0;1;03/2...0;0;11... 12211 kk k
cсc   

;...)9/4;3/2;1(= . 

 

b) Calculate the Fourier coefficients of a given element by the formula 
 

( ),,
kk

fc =  ,...2,1=k  

 

And receive 
 

24
1


−=c

, ( )
22

6

11

n
c

n

n


−−
=

, ( )
22

6

11

n
c

n

n


−−
=

, 

 

Create a Fourier series of elements ( ) 1+= xxf : 

 

( ) ( )
nxnx

n
cсc

n

n

n

kk k
sin

6

15
cos

6

11

24
...

1

1
212211






+


=



=

−
+

−−
+−==++

. 

 



20 

Ex. 8.2. Develop an element 
2

;...)8/1;4/1;2/1( lI =   according 

to the orthonormal system of this space ,...)0,0,1(
1
=e , ,...)0,1,0(

2
=e , … . 

 

Solution: Let's calculate the Fourier coefficients of a given element by 

formulas  

( ),,
kk

fc =  ,...2,1=k  

 

And receive 
 

,21
1
=c  ,41

2
=c  ,...81

3
=c  

 

Create the Fourier series  
2

;...)8/1;4/1;2/1( lI = : 

 

==++ 

=12211
... k kk

ccc   

...,...)1,0,0(81,...)0,1,0(41,...)0,0,1(21)41(1 +++= = 

= kk

k c  

 
Exercises for independent work 

 

Ex. 8.3. Create a series of Fourier for a function ( )  
x

xf
2

−
=
 according to 

the orthogonal system of space   ;2 −C . 

 

 

 

 

9 LINEAR FUNCTIONALS IN LINEAR NORMALIZED SPACES 

 

 

Basic theoretical statements  

 

Limited linear functionality 
 

( ) xMxf  , 

 

where M  is the smallest of these constants and the norm f , 

 

( ) xfxf  . 

 

Ex. 9.1. Calculate the norm of functional ( ) ( ) ( )221 xxxf −= , given in 

space  2,0C . 
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Solution: 
 

( ) ( ) ( ) ( ) ( ) =+−= 221221 xxxxxf  

= ( ) ( ) xxxx
x

3max3221
20

=+


. 

 

Suppose that 3=f .  

 

( )

 

( ) ( )

( )tx

xx

x

xf
f

tC 20
max

221

2,0 

−
=

, 

( ) 1max
20

=


tx
t

. 

 

Choose a continuous function , so that ( ) 1max
20

=


tx
x

. So, 3=f is a 

norm of functional. 

 

Exercises for independent work 

 

Ex. 9.2 Calculate the norm of functional ( )dttxf =
1

0

 in space  1,02C . 

 

10 LINEAR OPERATORS 

 

Basic theoretical statements 

 

Let 
1
E  and 

2
E  be the two linear normalized spaces. Linear operators, 

acting with 
1
E  in 

2
E , is called a mapping AxA = , 

1
Ex , that satisfies the 

conditions: 

1. AyAxyxA +=+ )( (additivity). 

2. AxxA  =)(  (homogeneity). 

The limitation of the linear operator means that such a constant existsM , 

that 
 

,xMAx   
1
Ex  

 

The smallest of these constants is called the norm of the operator A  and 

signed as A . 

 

Exercises for independent work 
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Ex. 10.1. Estimate the norm of the Fredholm integral operator in space

 baC ;
. 

 

11 THE CONCEPT OF MEASURE 

 

 

Basic theoretical statements 

 

Closed and open sets on a line. 

A set is called closed, if it coincides with its closure (all boundary points 

are contained in this set). 

An open set is a set consisting only of internal points. 

The measure of the interval ( )ba;  is its length:  
 

( ) abbam −=; . 

 

The measure of the segment  ba;  equals its length.  

 

Ex. 11.1. Given set  ) 21;0 =A . Find its: 

1. Limit points. 

2. Boundary points. 

3. Points of contact. 

4. Internal points. 

5. Isolated points. 

 

Solution: 

1. Limit points  1;0 . 

2. Boundary points 2,1,0 . 

3. Points of contact  1,1;0 . 

4. Internal points ( )1;0 . 

5. Isolated point 2 . 

 

Ex. 11.2. Find the measure of these sets on the line: 

1.  2;0 . 

2.  ) 21;0  . 

3.  )2;0 . 

4. ( ) ( )    1015;41,0  − . 

5.  [7;8].{3}[2;5]  

6. 



=1

,
k

k
E

 
]
1
;
1

1
[

kk
E
k

+
=

. 
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Solution: 

1.   22;0 =m . 

2.  ( ) 221;0 =m . 

3. (  22;0 =m . 

4. ( ) ( )    ( ) 31015;43;0 =−m . 

5.   ( )  ( ) 48;735;2 =m . 

6. 
( )




=



=

=
+

=








+
=

11

1
1

1
]
1
;
1

1
[,

kk
kk

kkkk
EEm  . 

 

Exercises for independent work 

 

Ex. 1.3. Find the boundary points of such sets on a numerical line. Specify 

closed sets. 

1. R . 

2. . 

3. Z .  

4.  1;0 .  

5. ( )1;0 . 

6. 









Nn
n
,
1 . 

7. +R
  – positives.  

8. −R
  – negatives. 
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12 MEASURABLE FUNCTIONS 

 

 

Basic theoretical statements 

 

Measurable functions on a line: ( )xf  is measurable on the set E  function, 

if: 
1. E  – measurable. 
2. ( )afE  – measurable for all valid a. 

Measurement criterion. In order for a finite function ( )xf to be 

measurable on a segment  ba;  almost everywhere, it is necessary and sufficient 

for it to be continuous almost everywhere. 

 

Ex. 12.1. Specify measurable functions on a given set: 
1. ( ) ,1+= xxf   3;0=E . 

2. ( ) ,1+= xxf   )= ;0E . 

3. ( ) ,1+= xxf  RE = . 

4. ( ) ,
1

x
xf =   3;0=E . 

5. ( ) ,
1

x
xf =   3;1=E . 

6. ( ) ,5=xf   3;0=E . 

 

Solution: 

1. Measurable. 

2. Immeasurable, because the set E is immeasurable. 

3. Immeasurable, because the set E is immeasurable. 

4. Measurable. 

5. Measurable. 

6. Measurable. 

 

Ex. 12.2. Prove that the function ( ),xfy =  is measurable according to 

Lebesgue on R , if 
 

( ) 


=
+

=
1 44n

nx

x
arctgxf

. 

 

Solution: For the measurability of a function ( )xf , it is necessary and 

sufficient that it can be represented as a boundary of a uniformly convergent 

sequence of simple, measurable functions. 

The members of this series are continuous function R , so they are 

measurable according to Lebesgue. Because 
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44 nx

x

+

  
4n

x , 

 

then the given series is equivalent to the series 
 




=1 4n

n

x , 

 

which coincides. So, a number  
 




=
+

1 44n
nx

x
arctg

 

 

also coincides, so the sum of the series is measurable according to Lebesgue. 

 

Ex. 12.3. Prove that the function  ( ),xfy =  Rx  measurable according 

to LebesgueR , if 
 

( )
( )




= +

−
=

1 cos

1
n

n

xn
xf

 

Solution: The members of the series under consideration are continuous 

functions on R . Consider a series in which 

 

xn
u
n

cos

1

+
=

, 


+

=
+

=
+

= ...
cos4

1

cos3

1

cos2

1
432

x
u

x
u

x
u

, 

0
cos

1
limlim =

+
=

→→ xn
u

n
n

n

. 

 

Therefore, the given series also coincides. Therefore, the sum of the series 

is measurable according to Lebesgue. 
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13 LEBESGUE INTEGRAL OF BOUNDED FUNCTION 

 

 

Basic theoretical statement 

 

Calculation of the Lebesgue integral. 

Riemann integration criterion of function ( )xf . In order for a Riemann 

function ( )xf  to be integrated, it is necessary and sufficient that it be continuous 

almost everywhere on the segment ba; . 

Relation of Riemann and Lebesgue integrals. If a Riemann function ( )xf  

is integrated on a segment ba; , then it is also integrated on Lebesgue on this 

segment, and both integrals are equal: 

 

( ) ( ) ( ) ( )dxxfLdxxfR
b

a

b

a  = . 

 

Ex. 13.1. Calculate the Lebesgue integral: 
 

 − 3;3
cos xdxsign   

sign =t  

 

Solution: Consider the case 0cos x : 
 









−−

















−

2

3
;

2

5

2

5
;

2

3

2
;
2


x

. 

 

Consider the case 0cos x : 
 









−−








−

















−−

2

5
;

2

7

2

7
;

2

5

2

3
;
22

;
2

3 
x

. 

 

Consider the case 0cos =x : 
 

2

5
;

2

3
;
2
;
2

;
2

3
;

2

5 
 −−−=x

, 

0=x   









−−−=
2

5
;
2

3
;
2

1
;
2

1
;
2

3
;
2

5
1A

, 

0x   








−

















−−=

2

1
;
2

1

2

3
;
2

5

2

3
;
2

5
2A

, 
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0x
  









−−= ;
2

5
;33A

. 

So, 
 

( ) ( ) ( ) ( ) 0110cos
3

3 321
= −+=

−
AmAmAmxdxsignL  . 

 

Ex. 13.2. Calculate the Lebesgue integral of the function ( ) xxf sin=  on a 

segment 










2
;0
 . 

 

Solution: 
 

( ) 10cos
2

cossin
2

0

=+−=




xdxL

. 

 

Ex. 13.3. Calculate the Lebesgue integral of the function  
 

( )




−

−
=

ьнеірраціоналxx

ераціональнxx
xf

,cos

,,sin  

 

on a segment 










2
;0
 . 

Solution: We use the theorem on equivalent functions. We have: ( )xf
, if x  is irrational. So, 

 

( ) 10sin
2

sincos
2

0

=−=




xdxL

. 

 

Exercises for independent work  

 

Ex. 13.4. Calculate the Lebesgue integral of the function 
 

( )




−

−
=

ьнеірраціоналxx

ераціональнxx
xf

,sin

,,sin
2

 

 

on a segment 










2
;0
 . 
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14 EXAMPLES OF TASKS OF INCREASED COMPLEXITY 

 

 

Ex. 14.1. Prove that inequalities hold for any four points tzyx ,,,  of the 

metric space ( ),X  

1. ( ) ( ) ( )yxzyzx ,,,  − . 

2. ( ) ( ) ( ) ( )tzyxtyzx ,,,,  +− . 

 

Ex. 14.2. Prove that the axioms of metric space are equivalent to the 

following two axioms: 

1. ( ) yxyx == 0, . 

2. ( ) ( ) ( )yxzyzx ,,,  + . 

 

Ex. 14.3.  Let ( )yx, be the metric on the set X . Prove that the functions: 

1. 
( )

( )
( )( )yx
yx

yx
,1

,
,

1





+
=

 

2. ( ) ( ) 1,,min,
2

yxyx  =   

 

are metrics on X . 

 

Ex. 14.4. Prove that the specified sets with given metrics are complete 

metric spaces: 

1. The set l  of all bounded numerical sequences ( ),..., 21 xxx =  that satisfy 

condition 
 


=1i
i
x

with metrics ( )
kkk
yxyx −= sup, . 

2. The set l  of all numerical sequences ( ),..., 21 xxx =  that tend to zero, 

with a metric ( )
kkk
yxyx −=max, . 

3. The set  baC ;
 of all continuous functions on a segment  ba;  with a 

metric ( )
 

( ) ( )tytxyx
bat

−=
 ;
max, . 

 

Ex. 14.5. Are such functionalities linear in space  1;0C ? In space  1;02L ? 

1. ( ) ( ) tdttxxF sin
1

0
= 

, 
( )

2

x
xF =

. 

2. 
( ) ( ) dttsigntxxF 








−= 
2

11

0

, ( ) ( ) dtttxxF 221

0

−= 
. 
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Ex. 14.6. Which of the following operators are continuous? 

1. nn RRA →:  defined by the formula 

1

, 1, , ;
n

i ik k

k

y a i n
=

= =
 

2.    1,01,0: CCA →  defined by the formula 1

0
( ) ( ) ;Ax t x d = 

 

3. 
   1,01,0: 1 CC

dt

d
→

. 
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